It is not known whether there exist division algebras of order 16 (or greater) over the real number field 9Î. In discussing the implications of this question in algebra and topology, A. A. Albert told the author that the well known Cayley-Dickson process 1 does not yield a division algebra of order 16 over 9Î and suggested a modification of that process which might. It is the purpose of this note to show that, while Albert's construction can in no instance yield such an algebra over $t, it does yield division algebras of order 16 over other fields, in particular the rational number field JR.
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Initially consider an arbitrary field F. Let C be a Cayley-Dickson division algebra of order 8 over F. Define 2 an algebra of order 16 over F with elements c~a+vb, z~x+vy (a, b, x, y in C) and with multiplication given by
where S is the involution x?±xS~t(x) -x of C and g is some fixed element of C. The Cayley-Dickson process is of course the instance g =7 in F. For A to be a division algebra over F the right multiplication 1 R z must be nonsingular for all zj^O in A. Now Hence
That is, A is a division algebra over F if and only if the transformation Choose (2) is singular and A is not a division algebra over 9t.
The easy generalization that there is no choice of g to make A a division algebra of order 16 over any field F should not be made. For the singularity of transformation (2) implies that there exists an element hy^O in C such that n(x) {(hx)g}y = n(g)n(y)h(xy). Since the norm of a product is the product of the norms in an alternative division algebra,
That is, the transformation (2) cannot be singular (and A is therefore a division algebra) for any choice of g in C such that n(g) is not the square of an element in F. For example, let F be in particular the field R of rational numbers, and g == 1 +i so that n{g) = 2. Then the algebra A with multiplication defined by (1) is a division algebra of order 16 over R.
